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On an Enneper-Weierstrass type representation...
1 - Introdution.
1.1 - Background. The Enneper-Weierstrass (EW) representation, which describes min-
imal surfaces in R3 in terms of one holomorphic function and one holomorphic 1-form
over a given surface, is one of the most remarkable tools used in the study of minimal
surfaces, yielding in particular constructions of minimal surfaces satisfying certain unex-
pected and often surprising properties (c.f. [4] and Ch. 8 of [9]). It is with this motivation
that various authors have subsequently studied EW-type representations of other types
of surfaces (c.f., for example, [1], [3] and [5]). In this vein, in [10], following the work
[7] and [8] of Labourie, we construct an EW-type representation for immersed surfaces of
constant positive extrinsic curvature in 3-dimensional hyperbolic space, H3, in terms of
one holomorphic function defined over a given surface. More precisely, we showed that for
all k ∈]0, 1[, every locally conformal mapping (that is, holomorphic local homeomorphism)
from the Poincare´ disk into the Riemann sphere is the Weierstrass map (defined below) of
a unique simply-connected immersed surface in H3 of constant extrinsic curvature equal
to k which is complete in a certain sense. In the current paper, building upon our sub-
sequent results of [11] we show that for all k ∈]0, 1[ the Weierstrass map actually defines
a homeomorphism between the space of complete immersed surfaces in H3 of finite area
and of constant extrinsic curvature equal to k, on the one hand, and the space of rami-
fied coverings of hyperbolic type of the Riemann sphere on the other. We find this result
particularly interesting on account of the new research directions it opens up along the
frontier between the theory of immersed surfaces on the one hand and Teichmu¨ller theory
on the other, themes which we propose to investigate in depth in forthcoming work.
1.2 - Main result. In order to define the EW-type representation, we first recall the
definition of the hyperbolic Gauss map. Let TH3 be the tangent bundle over H3 and let
UH3 ⊆ TH3 be the subbundle of unit vectors over H3. Let ∂∞H
3 be the ideal boundary
of H3 (c.f. [2]). The hyperbolic Gauss map −→n : UH3 → ∂∞H
3 is defined such that for
all X ∈ UH3:
−→n (X) = γ(+∞) = Lim
t→+∞
γ(t), (A)
where γ : R → H3 is the unique geodesic such that ∂tγ(0) = X . Informally,
−→n (X) is the
point in ∂∞H
3 towards which X points.
Let Σ := (i, S) be an immersed surface in H3. We recall that this means that S is a
surface and i : S → H3 is an immersion. In the sequel, all submanifolds and functions will
be taken to be smooth and oriented. Let N : S → H3 be the unit normal vector field over
i compatible with the orientation. Let A ∈ Γ(TS) be the shape operator of i. We define
the extrinsic curvature of i, Ki : S → R by:
Ki = Det(A). (B)
We define the Weierstrass map of i, ϕi : S → ∂∞H
3 by:
ϕi =
−→n ◦N. (C)
We say that i is locally strictly convex (LSC) whenever its shape operator is at all points
positive definite. Observe that this means that K is everywhere positive. Furthermore,
1
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when i is LSC, we chose the orientation such that at every point N points outwards from
the convex set bounded locally by the image of i at that point. In this case, it follows
from classical hyperbolic geometry that the Weierstrass map is a local homeomorphism
(c.f. [2]). In particular, since ∂∞H
3 carries the conformal structure of the Riemann sphere,
upon pulling this conformal structure back through ϕi, we may suppose that ϕi is a locally
conformal mapping.
For k ∈]0, 1[, the bijection that we construct may be described schematically as follows:


(i, S) s.t.
i : S → H3 an immersion,
i complete,
i finite area,&
Ki = k.


←→


(ϕ, S˜, P ) s.t.
ϕ : S → Cˆ holomorphic,
ϕ non-constant,
P ⊆ S finite, &
Crit(ϕ) ⊆ P.


Formally, we prove:
Theorem 1.2.1
Let S˜ be a compact Riemann surface. Let P ⊆ S˜ be a finite set of points such that
S := S˜ \ P is of hyperbolic type. Let ϕ : S˜ → ∂∞H
3 be a ramified covering with
ramification points contained in P . Then, for all k ∈]0, 1[, there exists a unique complete
LSC immersion i : S → H3 of finite area and of constant extrinsic curvature equal to k
such that ϕ is the Weierstrass map of i.
Conversely, if Σ := (i, S) is a complete immersed LSC surface in H3 of finite area and
constant extrinsic curvature equal to k, for some k ∈]0, 1[, and if ϕ : S → ∂∞H
3 is the
Weierstrass map of i, then the Riemann surface (S, ϕ∗∂∞H
3) is conformally equivalent
to a compact Riemann surface S˜ with a finite set P of points removed. Furthermore, ϕ
extends to a ramified covering of the sphere by S˜ with ramification points contained in P .
Finally, for all k ∈]0, 1[, this mapping defines a homeomorphism between the set of complete
immersed LSC surfaces in H3 of finite area and of constant extrinsic curvature equal to k,
on the one hand, and the set of pointed ramified coverings of the Riemann sphere, on the
other.
The author is grateful to Asun Jime´nez Grande, David Dumas, Lucio Rodriguez and
Harold Rosenberg for helpful conversations.
2.1 - Labourie’s compactness theorem. Labourie’s compactness theorem (c.f. [7])
presents a powerful tool for the study of LSC immersed surfaces of constant extrinsic
curvature inside 3-dimensional manifolds. We first require a few definitions. Let M :=
(M, g) be a complete 3-dimensional Riemannian manifold. Let TM be the tangent space
to M , let UM ⊆ TM be the unit sphere bundle and let π : UM → M be the canonical
projection. Observe that π is distance non-increasing. Let (i, S) be an immersed surface
in M . Let N : S → UM be the unit normal vector field over Σ compatible with the
orientation. We define the Gauss lift Σˆ of Σ by (ıˆ, S), where ıˆ = N . This terminology
merely distinguishes between the mapping N , considered as a section of i∗UM over i, and
2
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the mapping ıˆ, considered as an immersion in its own right into the total space of UM .
For k > 0, following [7], we say that Σ is a k-surface whenever Σ has constant extrinsic
curvature equal to k and Σˆ is complete.
Let Γ ⊆ M be a complete geodesic. Let NΓ ⊆ UM be the bundle of unit normal vectors
over Γ. If (ıˆ, S) is an immersed surface in UM , then we say that Σˆ is a tube whenever
ıˆ defines a covering map from S onto NΓ for some complete geodesic Γ. Furthermore, we
say that Σˆ is a tube of finite order whenever this covering is of finite order.
Let (ıˆn, Sn, xn) be a sequence of complete pointed immersed surfaces in UM . We say that
(ıˆn, Sn, xn) converges towards the complete pointed immersed surface (ıˆ∞, S∞, x∞) in the
pointed Cheeger-Gromov sense whenever there exists a sequence (αn) of mappings
such that:
(1) for all n, αn : S∞ → Sn;
(2) for all n, αn(x∞) = xn;
(3) for every relatively compact open subset Ω ⊆ S∞, there exists N ∈ N such that for all
n > N , the restriction of αn to Ω is a diffeomorphism onto its image; and
(4) the sequence (ıˆn ◦ αn) converges in the C
∞
loc
sense to ıˆ∞.
We refer to (αn) as a sequence of convergence maps for the sequence (ıˆn, Sn, xn) with
respect to the limit (ıˆ∞, S∞, x∞).
Labourie’s compactness theorem is now stated as follows:
Theorem 2.1.1, Labourie (1997)
Let M be a complete 3-dimensional Riemannian manifold. Let (in, Sn, xn) be a sequence
of pointed k-surfaces in M for some fixed k > 0. For all n, let ıˆn be the Gauss Lift of in.
If there exists a compact set K ⊆ M such that in(xn) ∈ K for all n, then there exists a
complete pointed immersed surface (ıˆ∞, S∞, x∞) towards which (ıˆn, Sn, xn) subconverges
in the pointed Cheeger-Gromov sense. Furthermore, either:
(1) (ıˆ∞, S∞) is a tube; or
(2) i∞ := π ◦ ıˆ∞ is an immersion.
Remark: Care should be taken in interpreting the limit obtained in the second case of
Theorem 2.1.1. Indeed, although ıˆ∞ is complete, there is no reason to suppose that i∞ is
too. This often leads to counterintuitive phenomena. 
2.2 - General properties of k-surfaces.
Lemma 2.2.1
Let (M, g) be a complete 3-dimensional Riemannian manifold whose isometry group acts
co-compactly. Let (i, S) be a k-surface inM for some k > 0. If (S, i∗g) has finite area then
for all B > 0 there exists a compact subset K ⊆ S such that for all x ∈ S \K, ‖A(x)‖ > B.
Proof: Suppose the contrary. There exists B > 0 and a diverging sequence (xn) ∈ S such
that ‖A(xn)‖ 6 B for all n. Let gˆ be the Sasaki metric over UM . For all n, let Bn be the
3
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unit ball about xn in S with respect to the metric ıˆ
∗gˆ. Upon extracting a subsequence,
we may suppose that all the (Bn) are disjoint. For all n, let Arean be the area of Bn
with respect to the metric i∗g. We claim that the sequence (Arean) is uniformly bounded
below. Indeed, let K ⊆ M be a compact fundamental domain for the isometry group.
For all n, let αn : M → M be an isometry such that Mn(i(xn)) ∈ K. For all n, denote
in = αn ◦ i and let ıˆn be the Gauss lift of in. By Labourie’s Compactness Theorem, upon
extracting a subsequence, there exists a complete pointed immersed surface (ıˆ∞, S∞, x∞)
towards which (ıˆn, S, xn) converges. Let (βn) be a sequence of convergence mappings for
(ıˆn, S, xn) with respect to the limit (ıˆ∞, S∞, x∞). Observe that (in ◦ βn) converges in the
C∞
loc
sense to i∞ := π ◦ ıˆ∞. However, since (‖A(xn)‖) is uniformly bounded, (ıˆ∞, S∞) is
not a tube, and so i∞ is an immersion. In particular, if B∞ is the unit ball about x∞ in
S∞ with respect to the metric ıˆ
∗
∞
gˆ, and if Area∞ is the area of B∞ with respect to the
metric i∗
∞
g, then Area∞ > 0. Thus:
LimInf
n→∞
Arean > Area∞ > 0.
In particular, the sequence (Arean) is uniformly bounded below, as asserted. However,
since the sequence (Bn) consists of disjoint balls, it follows that S has infinite area. This
is absurd, and the result follows. 
Now consider the case where M := H3 is 3-dimensional hyperbolic space. For any closed
subset X ⊆ H3 ∪ ∂∞H
3, let Conv(X) be its convex hull and let Br(X) be the closure in
H3 ∪ ∂∞H
3 of the set of all points in H3 lying at a distance no greater than r from X .
Lemma 2.2.2
Let (i, S) be a compact LSC immersed surface in H3 of constant extrinsic curvature equal
to k ∈]0, 1[. Then:
i(S) ⊆ Br(Conv(i(∂S))),
where r = Tanh−1(k).
Proof: Suppose the contrary. Let X := Conv(i(∂S)). Let x ∈ S be such that i(x) lies at
a distance greater than r from X . In particular, x is an interior point of S. Let p ∈ X be
the closest point to i(x). Let P be the supporting plane to X at p normal to the geodesic
joining p to i(x). Let (Ps) be the foliation of H
3 by equidistant planes to P parametrised
by (signed) distance from P . Let r′ := Sup {s | i(S)∩Ps 6= ∅}. Since S is compact, r
′ <∞
and we may suppose that i(x) ∈ Pr′ . In particular, i(S) is an interior tangent to Pr′ at
this point. It follows by the geometric maximum principle that the extrinsic curvature of
i at z is at least Tanh(r′) > Tanh(r) = k. This is absurd, and the result follows. 
2.3 - Limit points of the immersion. Henceforth, we will assume that (i, S) is a
complete finite-area immersed surface in H3 of constant extrinsic curvature equal to k for
some fixed k ∈]0, 1[. We continue to denote by g the metric over H3, by gˆ the Sasaki metric
over UH3 and by π : UH3 → H3 the canonical projection.
By Gauss’ equation, (S, i∗g) has constant intrinsic curvature equal to k − 1 < 0. Since
it has finite area, it follows by Hu¨ber’s Theorem (c.f. [6]) that (S, i∗g) is conformally
4
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equivalent to a compact surface S˜ with a finite set P of points removed. Furthermore, if
we denote by D the Poincare´ disk, then for every point p ∈ P there exists ǫ ∈]0, 1[ and a
conformal mapping α : D→ S˜ such that α(0) = p and:
(i ◦ α)∗gij =
1
|z|2 Log(ǫ |z|)2
δij , (D)
where δ denotes the Euclidean metric over D. The metric on the right-hand side of (D) is
the standard metric of a finite area hyperbolic cusp.
We henceforth identify D∗ with its image in S and suppress α in what follows. For all
r ∈]0, 1[, let Cr be the Euclidean circle of radius r about 0 in D
∗, and let Length(Cr) be
its length with respect to the cusp metric (D). Observe that (Length(Cr)) tends to 0 as r
tends to 0.
Proposition 2.3.1
There exists a sequence (rn) converging to 0 and a point p∞ ∈ H
3 ∪ ∂∞H
3 such that the
sequence (Crn) converges to {p∞} in the Hausdorff sense.
Proof: By compactness of the family of compact sets, there exists a sequence (rn) con-
verging to 0 and a subset C∞ of ∂∞H
3 ∪H3 such that the sequence (Crn) converges to C∞
in the Hausdorff sense. Since the sequence (Length(Crn)) converges to 0, C∞ consists of a
single point, and the result now follows. 
For all n, we henceforth denote Cn := Crn . For all n < m, let An,m ⊆ D
∗ be the anulus
bounded by Cn and Cm and for all n, let D
∗
n be the pointed disk bounded by Cn. Let ıˆ be
the Gauss lift of i. Observe that since i∗g is complete at 0, so too is ıˆ∗gˆ. For all n, denote
Xn := Br(Conv(i(Cn)∪{p∞})).
Proposition 2.3.2
For all n, i(Dn) ⊆ Xn.
Proof: Indeed, for all n < m, let Xn,m := Br(Conv(i(Cn)∪ i(Cm))). By Lemma 2.2.2, for
all n < m, i(An,m) ⊆ Xn,m. For all n, (Xn,m) converges toXn := Br(Conv(i(Cn)∪{p∞}))
in the Hausdorff sense as m tends to infinity. The result follows upon taking limits. 
Proposition 2.3.3
p∞ ∈ ∂∞H
3.
Proof: Suppose the contrary. Let ıˆ be the Gauss lift of i. Let zn ∈ D
∗ be a sequence
converging to 0. We may suppose that for all n, zn ∈ Dn. Furthermore, since ıˆ
∗gˆ is
complete at 0, we may suppose that zn lies at a distance of at least n from Cn with respect
to this metric. In particular, for all R > 0, there exists N ∈ N such that for n > N ,
ΩR,n ⊆ Dn, where ΩR,n is the open ball of radius R about zn in D
∗ with respect to the
metric ıˆ∗gˆ.
For all n, by Proposition 2.3.2, i(Dn) ⊆ Xn. Thus, since (Xn) converges to Br(p∞) in the
Hausdorff sense as n tends to infinity, for sufficiently large n, i(Dn) ⊆ B2r(p∞). However,
5
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by Labourie’s Compactness Theorem, there exists a complete pointed immersed surface
(ıˆ∞, S∞, z∞) towards which (ıˆ,D
∗, zn) subconverges. By Lemma 2.2.1, (ıˆ∞, S∞, z∞) is a
tube. By the preceeding discussion, and taking limits, for all R > 0, (π ◦ ıˆ∞)(ΩR,∞) ⊆
B2r(y∞), where ΩR,∞ is the open ball of radius R about z∞ in S∞ with respect to the
metric ıˆ∗
∞
gˆ. In other words, (π ◦ ıˆ∞)(S∞) ⊆ B2r(y∞). This is absurd, since (π ◦ ıˆ∞)(S∞)
is a complete geodesic which is therefore not contained in any compact subset of H3. The
result follows. 
Proposition 2.3.4
(i(z)) tends to p∞ as z tends to 0.
Proof: By Proposition 2.3.3, p∞ ∈ ∂∞H
3. The result now follows by Proposition 2.3.2
since (Xn) converges to {p∞} in the Hausdorff sense as n tends to ∞. 
2.4 - Limit points of the Weierstrass map.
Proposition 2.4.1
Let (xn) ∈ H
3 be a sequence converging towards x∞ ∈ ∂∞H
3. Let Γ ⊆ H3 be a geodesic
with end-point x∞. Let y∞ be the other end-point of Γ and let z be any point of Γ. If (αn)
is a sequence of isometries of H3 such that for all n, αn(x∞) = x∞ and αn(xn) = z, then
for every compact subset K ⊆ ∂∞H
3 \ {x∞}, (αn(K)) converges to {y∞} in the Hausdorff
sense as n tends to ∞.
Proof: We identify H3 with the upper half-space in R3. Upon applying an isometry, we
may suppose that x∞ = 0, y∞ =∞ and z = (0, 0, 1). For all n, let xn := (ξn, ηn, tn). For
all n, the mapping αn is given in these coordinates by:
αn(x, y, t) =
1
tn
(x− ξn, y − ηn, t).
The result follows. 
Proposition 2.4.2
(−→n ◦ ıˆ)(z) tends to p∞ as z tends to 0.
Proof: Suppose the contrary. There exists a sequence (zn) converging to 0 such that the
sequence (qn) := ((
−→n ◦ ıˆ)(zn)) converges to q∞ 6= p∞. We may suppose that for all n,
zn ∈ Dn. Furthermore, since ıˆ
∗gˆ is complete at 0, we may suppose that, for all n, zn lies
at a distance of at least n from Cn with respect to this metric. In particular, for all R > 0,
there exists N ∈ N such that for all n > N , ΩR,n ⊆ Dn, where ΩR,n is the open ball of
radius R about zn in D
∗ with respect to the metric ıˆ∗gˆ. Let r∞ be any other point of Cˆ
distinct from both p∞ and q∞. Let Γ be the geodesic joining p∞ and r∞. Let P be a
totally geodesic plane in H3 normal to Γ. For all n, let αn be an isometry of H
3 such that
αn(p∞) = p∞, αn(Cn)∩Γ 6= ∅ and αn(i(zn)) ∈ P . For all n, let in := αn ◦ i and let ıˆn be
the Gauss lift of in.
Let r := Tanh−1(k). Since (Length(Cn)) tends to 0, we may suppose that, for all n,
Length(Cn) < r. Since Br(Γ) is convex, it follows that for all n, Conv(in(Cn)∪{y∞}) ⊆
6
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Br(Γ). Thus, by Lemma 2.2.2, for all n, in(Dn) ⊆ Br(Conv(in(Cn))∪{p∞}) ⊆ B2r(Γ).
In particular, for all n, in(zn) ∈ B2r(Γ)∩P , which is a compact set. Thus, by Labourie’s
Compactness Theorem, there exists a complete pointed immersed surface (ıˆ∞, S∞, z∞)
towards which (ıˆn,D
∗, zn) converges. Let (βn) be a sequence of convergence maps for
(ıˆn,D
∗, zn) with respect to (ıˆ∞, S∞, z∞). Observe that (in ◦ βn) converges towards i∞ :=
π ◦ ıˆ∞ in the C
∞
loc
sense. By Lemma 2.2.1, (ıˆ∞, S∞) is a tube and so i∞(S∞) is a complete
geodesic. However, for all R > 0, there exists N ∈ N such that for n > N , in(ΩR,n) ⊆
in(Dn) ⊆ B2r(Γ). Taking limits, it follows that for all R > 0, i∞(ΩR,∞) ⊆ B2r(Γ),
where ΩR,∞ is the open ball of radius R about z∞ in S∞ with respect to the metric
ıˆ∗
∞
gˆ. In other words, i∞(S∞) ⊆ B2r(Γ). That is, i∞(S∞) is a complete geodesic lying
at constant distance from Γ. This geodesic therefore coincides with Γ. In particular,
ıˆ∞(z∞) is a unit normal vector to Γ at the point Γ∩P . That is, ıˆ∞(z∞) is tangent to
P at this point. Since P is totally geodesic, it follows that q∞ := (
−→n ◦ ıˆ∞)(z∞) ∈ ∂∞P .
However, (αn(qn)) = ((αn ◦
−→n ◦ ıˆ)(zn)) = ((
−→n ◦ ıˆn)(zn)) converges to q∞. Furthermore,
by Proposition 2.3.4, (i(zn)) converges to p∞ as n tends to ∞. Since, by hypothesis, (qn)
remains uniformly bounded away from p∞, it follows by Proposition 2.4.1 that (αn(qn))
converges to r∞ as n tends to ∞. In particular, r∞ = q∞. This is absurd, and it follows
that (−→n ◦ ıˆ)(z) converges to p∞ as z tends to 0, as desired. 
We now obtain the second part of Theorem 1.2.1:
Proposition 2.4.3
(S, ϕ∗Cˆ) is conformally equivalent to a compact Riemann surface Sˆ with a finite set P of
points removed. Furthermore, ϕ extends to a meromorphic map from Sˆ to ∂∞H
3 = Cˆ.
That is, ϕ is a ramified covering.
Proof: Let S˜ and P be as at the beginning of this section. Choose p ∈ P . Let U be a
neighbourhood of p homeomorphic to a disk such that p is the only point of P in U . By
definition ϕ := −→n ◦ ıˆ. Upon reducing U if necessary, (U, ϕ∗Cˆ) is conformally equivalent
to the annulus Ac := {z | c < |z| < 1} where c ∈ [0, 1[. Observe that ϕ defines a locally
conformal mapping ϕ˜ : Ac → Cˆ. Furthermore, by Proposition 2.4.2, there exists q ∈ Cˆ
towards which ϕ˜(z) converges as |z| converges to c. If c > 0, then, by classical complex
analysis, ϕ˜ is constant. This is absurd, and it follows that c = 0. Furthermore, by Cauchy’s
removable singularity theorem, ϕ˜ extends to a holomorphic mapping from A0 into Cˆ. Since
p ∈ P is arbitrary, the result follows. 
2.5 - Systoles. The proof of the first part of Theorem 1.2.1 is a fairly straightforward
consequence of the results of [10] and [11]. Indeed, let S˜ be a compact Riemann surface
and let ϕ : S˜ → Cˆ be a ramified covering of the sphere. Let P ⊆ S˜ be a finite subset
containing the ramification points of ϕ such that S˜ \ P is of hyperbolic type. Choose
k ∈]0, 1[. We identify Cˆ with ∂∞H
3 in the canonical manner, and, denoting S := S˜ \P , we
define (ik, S) to be the unique k-surface in H
3 whose Weierstrass map is ϕ. The existence
and uniqueness of ıˆk are proven in Theorem 1.4 of [10].
Proposition 2.5.1
7
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(S, i∗kg) is complete.
Proof: By Theorem 1.2 of [11], for all p ∈ P , ik(x) converges to ϕ(p) ∈ ∂∞H
3 as x
converges to p. In particular, ik is proper, and completeness follows. 
It remains to show that (S, i∗kg) has finite area. However, recall that (S, i
∗
kg) has constant
intrinsic curvature equal to k − 1 < 0. It is therefore sufficient to show that for all p ∈ P ,
(S, i∗kg) has a hyperbolic cusp at p. This is readily proven using systoles. We recall that
for all x ∈ S, and for any metric h over S, the systole of h at x, which we denote by
Sys(h, x) is defined to be the length of the shortest topologically non-trivial curve in S
passing through x.
Proposition 2.5.2
There exists B > 0 such that for all x ∈ S, the systole of i∗kg at x is no greater than B.
Proof: It suffices to prove the result in a neighborhood of every point of P . Choose
p ∈ P . By Theorem 1.2 of [11], Σ is “asymptotically tubular” at p. That is, if ıˆk denotes
the Gauss Lift of ik, then, near p, ıˆk is a graph over a finite order tube (as defined in
Section 2.1) of a section which converges to zero to every order near infinity. Formally,
there exists a tube (ˆ,R× S1) in UH3 of finite order; a smooth section σ of ˆ∗TUH3 over
]0,∞[×S1; a neighbourhood Ω of p ∈ S homeomorphic to the disk; and a homeomorphism
α :]0,∞[×S1 → Ω \ {p} such that:
(1) α(s, θ) tends to p as s tends to +∞;
(2) for all (s, θ) ∈]0,∞[×S1, (ıˆkα)(s, θ) = Exp(σ(s, θ)), where Exp here denotes the expo-
nential map of the total space of UH3; and
(3) for all k > 0, ∇kσ(s, θ) tends to 0 as s→ +∞.
Since S := S˜ \ P is of hyperbolic type, in particular, it is not contractible. Thus, for all
(s, θ) ∈]0,∞[×S1, α({s} × S1) is a closed curve passing through α(s, θ) which is topologi-
cally non-trivial in S. Furthermore, Length(α({s}×S1); ıˆ∗kgˆ) converges to 2πN as s tends
to +∞, where N is the order of the tube (ˆ,R×S1), and gˆ denotes the Sasaki metric over
UH3. In particular, upon reducing Ω if necessary, for all x ∈ Ω \ {p}, we have:
Sysx(ıˆ
∗
kgˆ, x) 6 2πN + 1.
Since π : UH3 → H3 is distance non-increasing, in particular, i∗kg = (π ◦ ıˆk)
∗g 6 ıˆ∗kgˆ. Thus:
Sys(i∗kg, x) 6 2πN + 1.
Since p ∈ P is arbitrary, the result follows. 
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Proposition 2.5.3
(S, i∗kg) has finite area.
Proof: Choose p ∈ P . Let Ω be a neighbourhood of p in S˜ which is homeomorphic to
the disk. Since i∗kg is complete and has constant instrinsic curvature equal to k − 1 < 0,
(S, i∗kg) either has a cusp or a funnel at p. Since Sys(i
∗
kg, x) is bounded, the singularity at
p cannot be a funnel. It is therefore a cusp. In particular, it has finite area. Since p ∈ P
is arbitrary, we conclude that (S, i∗kg) has finite area as desired. 
We now prove Theorem 1.2.1:
Proof of Theorem 1.2.1: The first assertion follows from Theorem 1.4 of [10] and Propo-
sitions 2.5.1 and 2.5.3. The second assertion follows from Proposition 2.4.3. The final
assertion follows from Theorem 1.5 of [10], and this completes the proof. 
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